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x

, S

M , 

 x  S 

M  F  a, L 

 R1, R2

(6) , 1.5 

   

1)  f(x, t) .  

,  

.  ,  

t  x 

 (x0, t0)

 :  
f
t

x0 , t
0

lim
t 0

f x0 , t0 t f x0 , t0

t
 (1.18)

  

  

f
t

x,t lim
t 0

f x,t t f x,t
t

   (1.19) 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

,  
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n f
t n x,t lim

t 0

1
t

n 1 f x,t t
t n 1

n 1 f x,t
t n 1  (1.20) 

  

2 f
t x

x,t lim
t 0

1
t

f x, t t
x

f x,t
x

lim
x 0

1
x

f x x,t
t

f x, t
t

2 f
x t

(1.21) 

2)  

 3 .  

1, 2, 3

)3,2,1(,,,, 321 kxxxxxzyx kkxr   (1.22) 

 A 1, 2, 3

)3,2,1(,,,, 321 kAAAAAAAA kkzyxA   (1.23) 

 A, B (inner product, scalar product) A, B 

ii
i

ii
k

kk BABABA
B
B
B

AAA
3

1

3

1
3

2

1

321BA
 

(1.24) 

,  1 2

,  .  (1.24)

 i, k  (dummy index)  , i, k 

. ,  
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(summation convention) .   . 

3) 

 , alpha , beta , gamma

, delta , epsilon , eta , phi , 

psi , xi zeta lambda mu

nu  pi theta , rho sigma

omega  ,   a,  b,  g,  d,  e,  h,  f,  y,  x,  z,  l,  m,  n,  p,  q,  r,  s,  w 

.  , .  

  , 

A,  B,  G,  D,  E,  H,  F,  Y,  X,  Z,  L,  M,  N,  P,  Q,  R,  S,  W .  

, 

.  

  http://e-words. jp/p/r-greek. html   

 

,  d,  D,    .   x,t   y=f(x,t)  

 df  Df f  (differential),  (total differential) 

.   (increment)  dx 

Dx   x   x . , 

. 

x,t  f , 

.  

 

x  f  x  [ x  f 

] , df/dx .   f 

x1,  x2,  x3,  … , xk (k=1, 2, 3, …) 

, df/dxk (k=1, 2, 3, …) , kxf / . 

   .  xk 

 df .  
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 , , , 

.  ,  df,  Df,  f f .  

( ) .  

4) 

,  x1,  x2,  x3,  …  ,  x 

.   xk (k=1, 2, 3…) 

.  k ,    (free 

index) .   

 1 10  k ,   

, (dummy index) .  , 

.  (1.24)  k, i 

 

 1021
10

1
.... xxxx

k k     
(1.25) 

  , 

.  ,  (stress) 

. .  

, , 

.  

 , ( ) .  x 2  k,  j 

,  

xkj      (1.26) 

.   k  j ,  

, . 

k ,  j  X  (1.26) 
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(7)  , . 

(8)   x,y,z  P(0,0,0) 10kg  F (1N, -2N, 

2N)  

(9)  

 

yx
xeye

x
yx

yx cossin)ii(

)sin()i(

2  

: (i) x+y=z . (ii) y  x 

(10)   f(x,y)  df P (x,y) 

f x, y yfxf /,/  Q(x+dx, y+dy) 

 df  
(11)  z= f(x,y) x,y u,v 

 

)(
)(

)(
)(

y
z

x
z

u
z

  )(
)(

)(
)(

y
z

x
z

v
z

 

(12)   z =f(x,y)  z=f(y/x)  

y
zy

x
zx  

(13)  z=f(x,y)  x= r cos( ), y= r sin( )  

/,/ zrz  

 
22

y
z

x
z  

 

(14)  A, B, C 332211 eeeA aaa , 332211 eeeB bbb ,

21



332211 eeeC ccc  BAC
 

(15)   A i k  a ik 

 (index, subscript)  

    15.1  3  (matrix) B  b12, b31, b33 

 

  
982
153
764

B  

    15.2  b11+b22+b33 
3

1i

i

ik
ikb   .  

 

    15.3  
3

1
2

k
kb

 
 

(16)   A,  B , .  

z
y
x

ihg
fed
cba

BA :3,:3  

16.1   A B  AB 
16.2

   
amn : A m n ,  bh : B h  

3

1k
kikba  

      16.3  A, B  BT, AT  BTAT 

(17)   A  A-1  

213
301
421

A  

 
 

22



2.

 

 

 

   

÷

3

 

2 2

1 (vector) 0 (scalar) 

 0,1,2 , 3,4,5  

.   n 

. , 2  

4  
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÷ 3

 

 

 

 

,  

 

 

24



 

 

2.1 

   
(magnitude) (direction), (sense)  

) ,  ( ) ,  ,  ,   
  

(magnitude)  

) ,   

2.1.1

O P(x1,x2 ,x3) . 

(2.1) ek (k=1,2,3) 

, 1**  

jjj

j jj

xx

xxxx

er

eeeerOP 3

1332211
  (2.1) 

2 ,  

                                                  
1** ( ) 1

 

 
 

2.1 OP P a(P) 

O

P (x1, x2, x3)

x1 (x)
x2 (y)

x3 (z)

r

x1

x2

x3

O
P (x1, x2, x3)

x1 (x)
x2 (y)

x3 (z)

r

x1

x2

x3

R
Q

a(P)

a(R)a(Q)

 

,  

 

 

,   

,  

,  

 

 

 

,  
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1



 

 

  O . 
, O (bound vector) .  

, 
.

P , . 
P . Q, R

, 
 ( ) 
. (vector 

field) .  

jjj aa ea  . (free 

vector) . , 
.  

, P a

.  

 

2.1.2

2  a, b , , 
, a=b 

. 
a, b  a=b 

.  
2 a, b 

, 
. , 

, 2
, .  

 

2.2  
 

A

B

F
F
M

L

L/2

G

 

 

,  

,   

 

 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

 

 

 

 

 

 

,  

26

, 



, 

 

 

2.2  2L  A  F , 
 G  

M = F L/2      (2.2) 

G  F , 
.  

a  Fa  ,  Fa 

 b ,  b

Fa   Fb .  ,  

Fa  Fb .  , 
. 

, 
.   

2.1.3  

. 
P

.  

:  
P , ( ) .  

, , 
 P 

. , 
.  

, 
, 

. , 
. 

, 

, 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

 

,  

,  

,  

,  
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.  
, 

. , 

.  

( )
, 

, 
.  

, , 
. , 

. , 
. , 

 
2.3  

 
2.4   

 

,  

 

 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

,  
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r O

.  

2.1.4  

 (1)  (inner product) 
2 a, b (2.3) .  

 cos|||| baba      (2.3) 

 

 a b b a ( ) 

.      

2.1 

  a=1e1 + 0e2= e1 ,  
a b = b1e1 + b2e2 

(2.4) . 

,  2.5  ,  

 cos  e1 

b e1  x1 

 

 e1 b  = b1 = |b |cos      (2.4) 

, , 
.  

2.2  

 a b  = a1b1+ a2b2+a3b3     (2.5) 

.  
  

a= a i  e i  ,  b= bk  ek  .   

 i ,k . ,  

 
2.5  a b  

a
b

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  
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,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

 

 

 

2** , 

,  (2.6) .  

 a b  = a i  e i bk  ek  = a i  bk  e i ek     (2.6)  

, 
i=k   

       e i ek= 12 cos0 = 1      (2.7) 

.  i k   

       e i ek= 12 cos90 = 0      (2.8) 

. (2.7), (2.8) , 

 ik  ,  (2.9)  

 e i ek= ik       (2.9) 

 

 a b  =  a i  bk  i k  = ak  bk  

a b  = a1  b1+ a2  b2+ a3  b3 .   

2.3

. 
.  

 
  F ( )  dx  

 
WAB: xA   xB ,  (2.10) 

.  

                                                  
2**   

c

30

2

2

c



c

 

 

xB

xA

xB

xAAB dxFdxFdxFdW 332211xF    (2.10) 

(2) (outer product)  

  2  a, b ,  

(2.11) c  .   a, b  

.    

 |c |  = |a |  |b |  sin       (2.11) 

|c| ,  

.  
  , 

(2.12)

.  
  

122131331223321

21

21
3

31

31
2

32

32
1

321

321

321

babababababa
bb
aa

bb
aa

bb
aa

bbb
aaa

eee

eee

eee
ba

 

(2.12) 

2.4  
.  

 
m r, 

 v  
(i) ( , ) M:  

 
2.6 a, b  

b

a

c=a b

|a| sin
a

b
S = |a| |b| sin

c
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,  

,  

 

 

 

 

 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

M = r × F  ( ) (2.13)  

(ii)  L:  
L= r ×  (mv)   ( )  (2.14) 

( , )

, 

 

(iii) ( ) :  
 v  = × r    ( )  (2.15) 

(3)   

O-x1x2x3 x1 , x2 ,  x3

 ek (k=1,2,3) , ( ) . 
, 3 .  

 e i  × e j   (= ek )      (2.16) 

 i,j 1,2,3   

i j ,  |e i |  = |e j |  =1,  sin =sin90°=1  |ek |=1 .  3

, i  j  3

, k . , i,  j ,  k 3
3** , 

.  
i=j , sin = sin0 = 0  e i  × e j= 0 (

 0 ).  
, , e i  × e j  = e j  × e i  

.   

1
(permulation symbol) i jk  

( ) ,  3  (i,j,k) , 

                                                  
3** 3 1, 2, 3 ,   (1, 2, 3) 

.  

32

3





 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2 5

 x3  (counter-clockwise) 

 

 

2.7 ,  321O xxx   x3  

321O xxx  .   x3 (2.23), 

(2.24)  

   3333 , eexx       (2.23) 

p13=p23=0, p33=1     (2.24) 

),( 21 ee ),( 21 ee

.   

e1  ),( 21 ee
,  

  

.   

 211 eee  

e1 1e  

cos  

 cos01121111 eeeeee  

e1 2e  cos(90°+ )  

 
sin)2/cos()2/cos(

)2/cos(10222121 eeeeee
 

.   

 
2.7   

 

x2

e1

e2

x1O

34



 

 

 211 )sin(cos eee     (2.25) 

p11= cos , p21= sin , p31=0     (2.26) 

 e2  .  

,  .   

 212 cossin eee      (2.27) 

p12= sin ,  p22= cos ,  p32=0   (2.28) 

, (2.22) p i j ,  (2.29) 

 

 
100
0cossin
0sincos

321321 eeeeee     (2.29) 

 (5)  

(2.29) , P

.  

,  

.   

,  kjkj pee  ,

 k . 

.  (2 .30) (2.29)  

3

2

1

3

2

1

100
0cossin
0sincos

e
e
e

e
e
e

    (2.30) 

(6)   

v (entity)

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

,  

,  
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,  

 

 

 

 

 

 

 

 

 

 

 

 

,  

 

 

ek vk

 (2.31)  

kkjj vv eev       (2.31) 

(2.21): kjkj pee  ,  

.   

 kkkjkj vpv eev  kkjj vpv   (2.32) 

(2.33)  

 

3

2

1

3

2

1

100
0cossin
0sincos

v
v
v

v
v
v

    (2.33) 

(2.33) ,  P , 
. , 

.  
P , P

t
P

. . 

2.1.5

, O

 P 
.  

,  (a) 

, (b) 

. ,  

(b) ,  

36



 

 

(a)   

,  

.   P .   

 P 1

, 

.  1 , 

.   

.  ,  

.   

  ,  (Bold) 

, .  

,  .  

,  

.  ,  ,  

,  

.   

 

(1) (E.2.1) . 

,  

.   

6
2

ijkijk

illjkijk

jlimjmillmkijk

     (E.2.1) 

(2) a=(1, 2, 3), b=(0, -1, 1) ,  .  

(i)    a×b   
(ii)  a b  

,  
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E2.1

 

 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(iii)  3a 2b  
(3) .   

  30° , 9. 

8N 3m .  

(4)  980 N . 

. 
(5) P=[p i j ]  tP  P

  
(6) e1, e2 2  O-x1x2

30° 21 xxO  

21 xxO  21 , ee e1, e2  

(7) 2 321O xxx 321O xxx a
,  kkjj aa eea  (j,k:1,2,3) 

, ka ja ,  (E.2.2) 
4**.  

kjjkjjk apaa ee     (E.2.2) 

(8) 1,1,0a , 1,,2 xxr  , a r
x  

(9) e1, e2, e3  .  u  

= e1  2e2+3e3  u  

.   

(10) E2.1 O-x1x2

O 60

O-x '1x '2

BA
A , B 
OB=(2,1), OA=(0.5, 2) [ 

                                                  
4** P pk j ,  k j .  

O

B

A

x1

x2

x’2

x’1

=60E.2.1

 

38

4

4

 



 

 

 

2.2 

2.2.1 

2  a, b a b

. 2 1 . 
2  a=akek ,  

b= b je j  (k,j:1,2,3 )  ab   

 a b =(akek) (b je j)= akb j  eke j     (2.34) 

    =  a1b1  e1e1+ a1b2 e1e2+a1b3  e1e3 

+a2b1  e2e1+ a2b2  e2e2+a2b3  e2e3  

+a3b1  e3e1+ a3b2  e3e2+a3b3  e3e3 

(a1e1,  a1e2…)

 

332313

322212

312111

321

3

2

1

bababa
bababa
bababa

bbb
a
a
a

ab   (2.35) 

2  eke j  (k,j: 1,2,3 ) 

, (k  j ) 

.     

 

( )  eke j  ,   

k,j   

k=j , eke j  = 0. 

 k j, k,j : eke j  = e jek   

39





 

2 , (2.16) 

(2.34)  

a b = a1b2  e1e2+a1b3  e1e3+a2b1  e2e1+ a2b3 e2e3 

+a3b1  e3e1+ a3b2  e3e2 

= (a1b2 a2b1)e1e2+(a2b3 a3b2)e2e3+(a3b1 a1b3)e3e1 (2.36) 

(2.36) ,   

e1e2 e3, e2e3 e1, e3e1 e2  

. (2.16) ( )

“ “ ,  

e1 e2 = e3, e2 e3  = e1, e3 e1 = e2 

.  

 

k,j   

k=j , eke j  = 1.  ek e j  = 1 

 k j , eke j  = .   ek e j  = 0 

 ab  = a1b1 +a2b2 + a3b3     (2.37) 

(2.34) (2.35) 

 

2.2.2  (dyadic, tensor product)  (diad) 

2 a=akek ,b=b je j  (k,j:1,2,3 ) 

40

  



    

 

 

(dyadic) a b  b a 5**. 

332313

322212

312111

)(
bababa
bababa
bababa

ba jkba

 

  (2.38) 

332313

322212

312111

)(
ababab
ababab
ababab

ab jkab    (2.39) 

a b b a  ,  

(2.38),(2.39) , 

,  

 

333323231313

323222221212

313121211111

33221133

3322112233221111

332211332211

332211332211

)(
)()(

)()(
,

eeeeee
eeeeee

eeeeee
eeee

eeeeeeee
eeeeeeba

eeebeeea

bababa
bababa

bababa
bbba

bbbabbba
bbbaaa

bbbaaa

 

(2.40) 

.  

( ) , 

 mkmkmmkk baba eeeeba )()(   (2.41) 

k,m = 1,2,3 

 ak  bm  

 (diad)   ek  em  
                                                  
5** ,   a, b  ab

 

41

5

5



 

6**

a=akek (k=1,2,3 : ) ,  

2 ( )  ek  em 

 

(diadic) (diad) 

(diad) ( )

( )   

(i)  a   ei  e j  (i,j=1,2,3: )   

       aaa jijiji eeeeee     (2.42) 

(ii)  a, b, c, 

d, f  (i,j,k=1,2,3: )

, . 

  
jkijii

jkiijkijii

fcbda
fdcba
eeeeee

eeeeeeeeee
)()(   

(2.43) 

(iii) (diad) z

(i,j,k=1,2,3: )  

 

kjjikjji

kjjikjji

baba
baba

eezeezeeeez
zeezeezeeee

)()()(

)()()(
 (2.44)1 ,2  

 

kjjikjji

kjjikjji

baba
baba

eezeezeeeez
zeezeezeeee

)()()(

)()()(
 

        (2.45) 1 ,2  

(2.44),(2.45) 
                                                  
6** 2

( ) , 2 (x,y) 
(ax+bx ,  y)=a (x,y)+b (x,y), (x,ay+by)=a (x,y)+b (x,y)  

 

42

6

6



 

 

(dyadic) (diad) 

2.2.3  

(dyadic) a b (diad) e i e j  ,  2

1  

a b e i e j

.  2 a,b

2 (tensor of the second rank) 

2 (the 

second rank) 2 a,b

 

,  n (=0,1,2,3,4…)  

n n=1 

, 1  

 (diadic) a b ,  2 ( ).  

 (diad) e i e j  ,  2  e i  ,  e j  .   

 (diadic)  a b  z    

 (dyadic) a b z   (dyadic)  

 a b = a ib j  e i e j   (2 ) 

T  = T i j  e i e j  … e i e j :  T i j   (2.46) 
 

T : 2 , T i j  :  2  
 

2.2.3

(diadic) a b 

( )

 

43



 

2.8  

(

) 3

3

 F  

F

,   (F1, F2, 

F3) 

3  A3 

 

1 1 2 2 

3 3 3

 

3

3
33

3

2
32

3

1
31 ,,

A
F

A
F

A
F

   (2.47) 

(2.47) (2.48)  

3

3
33

3

2
32

3

1
31 ,,

A
F

A
F

A
F

   (2.48) 

k  Ak  j

F j  :  k j  

:  kk Aa /)(  b j=F j  .   

k

j
j

k
jk A

F
F

A
ba )(

     (2.49) 

(2.49)  ( ) 

 
2.8 3  

x3

x1

x2

A3

A1

A2

x1
: 1

x3
: 3

x2
: 2

F

F1

F3

F2

44

2.8



2.82.8

 

 

.  (2.49) , ak b j

(dyadic) 7**  

,   

,    

 

(dyadic) , 

.  2

2

3 4  

 

(2.44)

(2.45)

,  

2.2.4  

2.1 2

 T   

2 321 xxxO 321 xxxO

),,( 321 eee ,  ),,( 321 eee 2 T  

 kjkj TT ,  (k,j=1,2,3: ) 

 

jkkjjkkj TT eeeeT   (k,j=1,2,3: )  (2.50) 

                                                  
7** akb j= kj AF /  b jak= kj AF /)(  

45

7

7



 

kjkj TT , ,  (2.44) 

 

 jkkjjkkj TT eTeeTe ,   (2.51) 

2 :  

jkjk p ee  

(2.52)  

 
):,;:,(

)()(

jkmwwmjmkw

mwjmkw

mjmwkwjkkj

Tpp
pp

ppT
eTe

eTeeTe

  (2.52) 

2

(2.52) 2

 

2  P  1

, 
t
P 1 , 2  

  (2.52) , (2.53)  

 

332313

322212

312111

333231

232221

131211

333231

232221

131211

333231

232221

131211

ppp
ppp
ppp

TTT
TTT
TTT

ppp
ppp
ppp

TTT
TTT
TTT

  

(2.53) 

(1 ) 1 (magnitude) 1

(direction) (sense) , 2 , 1

2

2  

 n  n  

46



 

 

 n   P  

 

2.2.5   

 A   t  

A  

 

 A (t)= Ak(t) ek = ( Ak(t) )     (2.54) 

t  

 

t  Ak(t)  t  

 dAk/dt  Ak  

 

 dA (t)/dt = dAk(t)/dt  ek = ( dAk(t)/dt )   (2.55) 

 A  t

 

 dttAdtt kk )()( eA     (2.56) 

 a(t) ,  b(t)  t  da/dt ,  db/dt  

(2.57)  

: a+b ,  a b ,  

 c  a  :  ca  

:  a b   

:  a b 

(2.57)
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dt
dbab

dt
da

dt
bad

dt
d

dt
d

dt
d

dt
dbab

dt
da

dt
bad

dt
d

dt
d

dt
d

dt
daca

dt
dc

dt
cad

dt
dc

dt
dc

dt
cd

dt
db

dt
da

dt
bad

dt
d

dt
d

dt
d

k
jijkk

j
ijk

kjijk

k
kk

kkk

k
k

k

kkkk

)()(

)()(

)()(

)()(

bababa

bababa

aaa

baba

 

(2.57)1 ,2 ,3 ,4  

(11) (2.44) (2.51)

 

(12) 

 ek(t)  v   vk 

dv/dt

 
(13) i jk  

2 jk 2jk = 

(14) =(1,0,0), = (0, 1,0) , =(( 1, 0,2), 

(1,2,3), (0, 2, 1)) t    .  

120
321
201

120
321
201

.  

(15)  ek (k=1,2,3)  a= e1,  

b= -e2 2 T= e1 e1 +2e1 e3 +e2 e1  +2e2 e2  

+3e2 e3 2e3 e2 +e3 e3 T a  b T .  
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(16)  2,1,1,,,1,1,2, 22 cba yyxx  
 

(i)  ba  
(ii)  bac cba   

(17) . 

1~3 .   

  j
m

k

k

j
jjk

k

i
i z

t
x

t
x

xadX
X
xdx (c)(b)(a) 3

 

(18)  
 

  a) 

3332231133

3322221122

3312211111

,
,

nnnt
nnnt
nnnt

 

b) 333332323131232322222121131312121111 bababababababababa  

c) x1y1+ x2y2+ x3y3  

d) 

3

1

3

1

3

1i j k
kjiijk xxxc  

e) 

2

1k
kk xau  

f) 
2221212

2121111

xaxay
xaxay

 

(19) (mechanical work) , F

( ) dr

rF d  . F , 
ek (k=1,2,3: ) 

.  
F= 3312

2
2121 )()( eee xxxxx  
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E.2

 

 

3.  (Stress) 

1 1.2

(1) , 2 2

, 

 

[ ] 2  

(1)  ( )  

.  ,  ( , )  

(2)  ( , )  

.  :   = ÷  

(2) , ,
( ) . 

, 1.11 
 

( ) ,  

3.1  (stress vector) 

3.11***  P(x1 ,x2 ,x3)

 S  ( : )  f  

,

 
                                                  
1*** (bold)

 E.2

51

1

1



 

 

| S|= S S   

+0  

P(x1,x2 ,x3)   

kk

S

t

dS
d

S

e

t

ff
0

lim

   (3.1) 

(3.1)  t  
  , f  = f j  e j   

 (e j) 
S = S  f   S 

 

2 (2.48) 

, S

3  3 

.  

3.2 

,  

P 

, 3.2 

dA3 ( x3  3=(0,0,1) ,  dA3= 

dx1dx2  )  d f 3  3dA3  3= 3k ek  

(k= 1,2, 3: )  

3332313

3

 

3.1 S f  

S= S

S
f

P

 
3.2  dA3  

   d f 3= 3dA3 

33
31 32

dx1

dx2

32 dx1dx2

33 dx1dx2

df3

31dx1dx2

T

T 

52

 t
T

T 



 t
T

T 

 t

 

 

321332213212131

21333232131

213333

eee

eee

f

dxdxdxdxdxdx

dxdx

dxdxdAd

  (3.2) 

 3  dA1, dA2, dA3 3

d f 1, d f 2, d f 3  

 i  = i j  e j  (i: ,  j: )   (3.3) 

 i j  i j 3

i (i=1,2,3) T   

333231

232221

131211

333231

232221

131211

3

2

1

T   (3.4) 

, (dyadic)

(3.5) 2***  

 T = k k= e k kj e j  = kj e k e j   (k,j: ) (3.5) 

 P 

3.3  

k=1,2,3  k

 k  = e k k 

(dyadic) , k  j kj  

                                                  
2*** 3

ek e j  
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(3.5) .  
 T  P 

  

T ( )

2 : (dyadic) 

2  
T . T

 
(3.4), (3.5) 2

: (2.52) 

, ,  2

3.5  

,  

 

 

3.3 ( ) 

Stress component

x1 x2 x3
x1 11 12 13

x2 21 22 23

x3 31 32 33
x1

x2
x3 Symbol of 

each 
component

• Stress [ ij] , 2nd rank tensor
• 11, 22, 33 ( ii): normal stress
• 13 ( ij): shear stress

11

22

33

31

32

21

23

12

13

EX.   1-plane, 2-component 12

)( ji
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1

, (

) (3 2 = 6 )

3 1

. ( ) , 

 

,  

,  

.  ( ) 

,  3.3  

3.3

  3.3 

(normal stress)

(shear stress) .  
3.1  S  t  

 

3.4 

, 

 
3.4 , 

 ABCD 

( 3

 

3.4  

dx2 dx1

dx1 21

dx1 21

dx2 12 dx2 12

B C

A D

55



 

 

) ( ) , 

,  2

.  

ABCD

 

AB, CD : dx2 12 ,  .   

AD, CB :  dx1 21 ,  .  

AB-CD 2 ,  dx1 : dx1 (dx2 12) 
. , AD-CB 2 ,  dx2 : dx2 (dx1 21) 

. ,  2

 0 .  

dx2 (dx1 21) dx1 (dx2 12) = 0    (3.6) 

 12= 21  1 , 2

, 13= 31, 32= 23 , 
(3.7)  

 i j= j i   (i,j=1,2,3: )   (3.7) 
 

3.5

3.5

( ) P
( )

. 
, 

, ,

.  
3.5  

S
P

S
ftS

S

S
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0 S

(1.13)

     
  ( )  = 0   (3.8) 

2 3***
3  

3.6 ( ) 2 OAB

( ) OAB ( ) AB

( )AO ( )BO 

, ( :1).  

AB  

= ( 1, 2) = (cos , sin )     (3.9) 

(  : ,  :  )  

AB:  
 t  =  (t1, t2)     (3.10) 

                                                  
3*** 3  33,  31,  32  0 

(plane stress)  

 
3.6  OAB  

x1

x2

12

A

BO

t

11

1 2221

2

t1

t2
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.  
  AO+BO:  

 1= (- 11, - 12), 2= (- 1, - 22)   (3.11) 

.   

 AO, BO . 
,  + 1, 2 

( )  

 

x1 :   

AB: t1dS,  AO: - 11dS1,  BO: - 21dS2 … 0  

1
2

21
1

111221111 t
dS
dS

dS
dSdStdSdS   (3.12) 

x2 : 
AB: t2dS,  AO: - 12dS1,  BO: - 22dS2 … 0 . 

2
2

22
1

122222112 t
dS
dS

dS
dSdStdSdS   (3.13) 

(3.14)  

AB: dS ,   AO: dS1=dS cos ,  BO: dS2=dS sin   

.  

dSdS
dS
dS

d
t
t

2

1

2

1

2

1

2212

2111

sin
cos

,
sin
cos

S  (3.14) 

,  k j  AB  t j  

,  (3.9) , 

(3.14) , (3.15), (3.16) . 
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,  ,  (3.17) . 

 Cauchy  

 
2

1

2212

2111

2

1

t
t

     
(3.15) 

(3.15) , (3.16) . 

 
2221

1211
2121 tt     (3.16) 

kkjjt    (k=1,2: ,  j=1,2: )  (3.17) 

, (3.18) . 

Tt       (3.18) 

T  2 (3.5) ,  

k j= jk (3.15),(3.16)

 

3.1  

AB  t AB ( x 1 ) 

( x 2 ) ,  

 

3.2

, 

 

 
3.7   

t O-x1x2

2

1

12

11

cossin
sincos

t
t

x1

x2

11

22
21

12
A

B
O

t

t1

t2
11

x1

x2

12
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,  AB 2 , 

 

  x 1 AB 11, 12 . 
3.7  t ,  2  O-x1x2  O- 21xx

2121 , eeee  ,  

 

12

11
21

2

1
21 eeeet

t
t

   (3.19) 

(2.29) 2

. 

 
kjkj pee

eeee ,
cossin
sincos

2121
 

 t  (3.19) 

 

 jkjk tp
t
t

1
2

1

12

11 ,
cossin
sincos

  
(3.20) 

 Cauchy  (3.15)  

 
sin
cos

cossin
sincos

2212

2111

12

11   (3.21) 

x 2  21, 22 

x 2 Cauchy 

  + /2 2

 O-x1x2  O- 21xx  2121 , eeee  
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)

2
sin(

)
2

cos(

cossin
sincos

2212

2111

22

21   (3.22) 

 cos)
2

sin(,sin)
2

cos(   

 

 
cossin
sincos

cossin
sincos

2212

2111

2212

2111  (3.23) 

O-x1x2 O- 21xx

 P  2

(2.53) . 

2

2  

, 2
, 

.  

 
cossin
sincos

cossin
sincos

2221

1211

2221

1211  (3.24) 

[ ] 

2

2  (3.23) , 

.   

(3.23) , , 

( ) 2
.  
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2 ( ) 

 Cauchy 

 
3.7  ABO  AB t  

tk

, 
11, 12 

, t 
tk 2 1k 

2  
, 

 
 

3

, 3.8

( ) PABC

O-x1x2
xO x1x2

O x1x2
x1 

cossin
sincos

cossin
sincos

2212

2111

2212

2111

sin
cos

cossin
sincos

2212

2111

12

11

x2

O-x1x2
x

Cauchy

 
3.8  

 

A
x1

x2

x3

C

B
P

t
1

3

2

62

t
 



t
 

t
 

 

 

.  2  dS:  ABC 

 dS1: PBC, dS2:  

PCA, dS3: PAB , PABC  

  , , 
. 

 t dS  = 1dS1 + 2dS2 + 3dS3    (3.25) 

 dSk dS  .   

dSk = kdS  (k=1,2,3: )   (3.26) 

 k  ,  dS:ABC  

(3.4) T (3.27),(3.28)

.  

 t = 1 1 + 2 2 + 3 3 = T
3

2

1

321  (3.27) 

, 

kkjkjkjt    (j=1,2,3: , k=1,2,3: ) (3.28) 

, (3.17) Cauchy , 3

 
 

3.2

   O O-x1x2x3  x3   
O- 321 xxx 2 (3.24)

O- 321 xxx O-x1x2x3

 

cos c, sin  s 
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3 , x3= x 3, e3= e 3  .  (3.24) 3

3 (3.29)

: 12= 21, 13= 31, 23= 32  

3332313231

2322212221

1312111211

333231

232221

131211

333231

232221

131211

100
0
0

100
0
0

100
0
0

cssc
cssc
cssc

cs
sc

cs
sc

cs
sc

 (3.29) 

,  

3333

23323132

13323131

231323

12
2

22
2

112221121122

122221121121

231313

22
1211222221121112

12
2

22
2

112221121111

2

2

cs

sc

cs

sccscsccss

sccscs

sc

sccscsscsc

scscscsscc

 (3.30)1-9  

(3.30)  33=  31=  32=0 . 
 0313233 . 

(3.24)

 
,  (3.31)

. (3.31) , 
Mohr  
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2cos2sin
2

,2sin2cos
22

2sin
2

2cos1
2

2cos1

,2sin2cos
22

2sin
2

2cos1
2

2cos1

12
2211

2112

12
22112211

12221122

12
22112211

12221111

    (3.31)1 ,2 , 3  

3.3 

  3.9 x1  W , 
OB  

 W A x1   = 

W/A   0  O-x1x2 

(3.32)  

22122111 000
00
0

eeeeeeeeT   (3.32) 

 OB

(3.24) 11, 12 , 
(3.33)  

 
3.9  x1  

A WW
O

AB

x1
x2
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cossin
cos

sin
cos

00
0

cossin
sincos 2

 (3.33) 

= sin cos  = ( /2)sin2  OB

3.9 =45°(= /4 rad.) 

 /2  

3.6 (Mohr's stress circle)

  , 
3.2 3.3

,  2

2 , 3

 
, 3.2  3  

, 2  (3.31) 

 

(3.24) (3.31)

3.7

OAB  OA ( )  (= 11) 

( ) -  (=- 12)  ( ) 

 

 OA

AB ( )=( 11, 12) 

2  

 

 
  (3.31) cos2 , sin2   

( 11, 12)   ( 11, 12)  
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( 22, 21)   ( 22, 21)  

(3.31)  

2cos2sin
2

,2sin2cos
22

,2sin2cos
22

12
2211

2112

12
22112211

22

12
22112211

11

  

(3.34)1,2 ,3 

(3.34)1 ,3 2 , (3.35)1 (3.34)2 , 3

2 , (3.35)2  

2
12

2
22112

12

2
2211

22

2
12

2
22112

12

2
2211

11

22

,
22

  (3.35)1,2  

( ) , 2

P 1211 , Q 2122 , (3.35)

R, ( ave ,0) 4*** 
AB   , (3.35)

 R (3.36)  

2

,
2

2211

2
12

2
2211

ave

R
    (3.36)1,2  

                                                  
4*** P, Q 

2 ( 2 =180°)

( ) P 1211 , ,Q 2122 ,
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, O-x1x2  11, 22, 12 
. 3.10  (3.35) 

O-x1x2 A* O- 21xx

P Mohr 

, 11> 22 . 11< 22 

,  A* G  

 

3.4  

3.10 , 2  
 

 

(3.34) P,Q A*,G  
(i)  =0 22221111 , 1212 .  
(ii)  =90° , cos(2×90°) = 1, sin(2×90°) = 0 ,

 11222211 , . 1212 . 
 P=G  

(iii) =45°  cos(2×45°) = , sin(2×45°) = 1 , :

12221211 , aveave : 2/221112  

 
3.10  Mohr  

Q

F

E

B*

D*

ave

C*

max = R

ave R

( 11 ave )2 + 12
2 = R2

O-x1x2 :
P( 11, 12 )

P

A*

2

O-x1x2
:A*: ( 11 , 12 )

G

G:( 22 , + 12 )

3.11

68

3.11



3.11

 

 

 
=0,45,90° ,

3.11(a)  2  
 

3.5 
  3.6 1 2 1p, 2p p1 p2

. max s1   

 

( )

 0 

3.11(b) =0 B* 1 ( )

D* 2

( )  

A*C*B* = 2 p1 

A*C*D*=2 p2=2 p1+90° 

 

1p= ave  + R  

2p= ave R  

  
(a) =0,45,90°      (b)  

3.11 Mohr  

F

E

B*

D*

C*

P

A*

2

O x1x2

A*: ( 11 , - 12 )

ave

12

P( 11, 12 )

11

22

12

12 ( 22- 11)/2

= 0

= 90
= 45

F

E

B*

D*

GQ

ave

12

12

A*

C*

P

2

1p

2p

max = R

A*C* = R

A*C*B* = 2 p1

p1

A*C*D* 
= 2 p2 = 2 p1 +

2 s1

A*C*E = 2 s1

= ave+R

ave R
11

22
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 R (3.36)1 .  
, max  = R

 
A*C*E= 2 s1 

A*C*F=2 s1+90° 

 
 
 

(1) 3.12

 ( 
: j k jk 
).  

(2) ( )  P 
(x1,x2) 

T
 

 
 
 

 MPa 
 PP (x1,x2) 

( ) :  x1+ 3x2 = 1   
 ( 0  ) 

3.13  
( )  ( ) 

 Cauchy 
 ( )  

(3) 3.14 

 
3.12 

( )  

 
3.13  

x1

x2

0 1

3
1

a= (1,3)
x1+ 3x2=1

21
10

T
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P



PP

 

 

7 AB, 
BC, CD, DE, EF, FG, GA

AB BC, CD, DE,  

EF, FG, GA  
tAB, tBC, tCD, tDE,  tEF, tFG, tGA 

  

3.14 2

3

MPa cm  

(4)  3.15 

.   

2

1

2221

1211

0
0

 

AB

 .  

(5) (3.34) 

. 

12
22

12
11 2,2     (3.37) 

(6) (3.34)  012

 

 

3.14  ABCDEFG 

DE

EF

A B

C
D

E

FG

3.0
3.8

1.5

1.
5 2.
8

3.
6

AB

FG

GA
CD

BC

x1

x2

2201
20019
11910

333231

232221

131211

3.15  2  

O

A

B

x1
x2
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2211

122
2tan     (3.38) 

, (3.38)  0 

 (principal direction) .  

(7) (3.34)3 , 12 , 

.   

 
12

2211

2
2tan     (3.39) 

(8) (3.39) , (3.38) 

45 °  

(9)  O-x1x2  ,  

 

     11 = 80 MPa, 22  = 50 MPa, 12 = 25 MPa  

 30°  O-x1’x2’ 

  

 

4.1

72

4.1



4.1

 

 

4. (Strain) 

4.1  1  

( )

( ) 2 2

 ( ) 

4.1 ( )

X

x

u = x- X  

u ( ) , 

 (displacement) ( )  u= 0, 

( )  u= u  

  (4.1) F 

.  

X
xEF x1       (4.1)  

X
u

X
XxEx x

u
x

Xx
x   (4.2)1,2 

 
4.1  1  ( ) 

X

x

Fx
Fx

A A0

A0

A

u= x X
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(4.2)1 Ex X Green 

,  x  

x Euler u 

x  X  Ex  x 2

 

x  Fx ( )
 A0, A 

(true stress) x (nominal stress) x0

 

2  

0
0

0 A
F

AA
F

A
F x

x
xx

x    (4.3) 

4.2 

  , ( )

 (configuration) 

 (motion) 

. 

 

 t0 :  X 

   t > t0  X :  x 

x  X  t , ( )

. 

 x=x(X,t)      (4.4)1 

 xk= xk (X j,  t)   (k,j=1,2,3: )   (4.4)2 

, , 

.  x , 1 1 ( )
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 X=X(x,t)      (4.5)1 

 Xa = Xa(xb, t)  (a,b=1,2,3: )   (4.5)2 

   X , , (material 

coordinate) . ,  x 

 (spatial coordinate)  

4.1 

Xk

 (Lagrangian description) 

 (material description) 

 

,  X  t  v X 

 t  x  

 
XX

XxXv
t

tt ,),(      (4.6) 

, 

(4.5) x  v(x,t) 

(Eulerian description) 

(spatial description)  

  ( )

(material time derivative) 

v(X,t) 
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v(x,t) 

7

4.3  3  

3  
3

 (stretching) 

(simple shear) (twisting) 

(bending)

, 

,  0 ( ) , 

 
, 3 , 

 
3 2 9  (

6 ) 4.1 1

3

3 2 dX, dx 

3  

2

2

 

4.4   

  3  P  Q
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P  X = ( Xk ) ,  
P' x = ( xk  )  

 u = ( uk )  

  X + u = x      (4.7) 

 Q 
4.2  

2  P, Q  dX= dXmem dx =dxmem 
 u= x X , X  x : 

x = x(X)  dX  dx (4.9) 

 

j

k
kj X

xFF      (4.8) 

 (deformation gradient) .  

XFx ddX
X
xx

dX
dX
dX

X
x

X
x

X
x

X
x

X
x

X
x

X
x

X
x

X
x

dx
dx
dx

j
j

k
k ,dd

,

3

2

1

3

3

2

3

1

3

3

2

2

2

1

2

3

1

2

1

1

1

3

2

1

   (4.9) 

 

4.2 P,Q PP', QQ' 

x1 x2

x3

P
Q

P’
Q’u

u+du

uk = xk Xk
: P P’

O

OP:
X = Xm em dX

OQ:
X+dX

x= xmem
dx

x+dx

dX = dXmem
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: x X ( X = (x) ) 
 F -1  

 xFX ddx
x
XX j

j

k
k

1,dd     (4.10) 

4.5  

2 PQ

( ) 2  ds2-dS2   
 PQ: dX=dXkek 2 : dS2  P'Q': dx=dXkek 

2 : ds2  , (4.11)1,2  

 
jiijmm

jkkjkk

dxdxdxdxddds

dXdXdXdXdddS

xx

XX
2

2

   (4.11)1,2  

 F  F -1  

hm
h

k

m

k

h
h

j
m

m

k
kjjkkj

hm
h

k

m

k

h
h

j
m

m

k
kjjkkj

dXdX
X
x

X
x

dX
X
x

dX
X
xdxdxds

dxdx
x
X

x
X

dx
x
X

dx
x
XdXdXdS

2

2

  (4.12)1,2  

2  ds2 dS2 , (4.12) (4.13),(4.14) 

 
2  

dX, dx  dXkdX j (dyadic) dX dX 

2   
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kj

j

s

k

t
tskj

jkkj

X
x

X
xEwhere

dXdXEdSds

2
1

,222

   (4.13)1,2 

j

s

k

t
tskjkj

jkkj

x
X

x
Xewhere

dxdxedSds

2
1

,222

   (4.14)1,2  

(dyadic) dXkdX j Ekj

2 ekj 2
1   

  Ekj Green's 

(Lagrangian) strain tensor ekj

 Almansi's (Eulerian) strain tensor  

 F 2  

kj
j

s

k

s

j

s

k

t
is

kj
j

s

k

s

j

s

k

i
is

c
x
X

x
X

x
X

x
X

C
X
x

X
x

X
x

X
x

     (4.15)1,2  

,  

4.6

 u= x-X 
 

j

i
ij

j

i

X
u

X
x,

)(

X
uIF

IFI
X
xXx

XX
u

  (4.16)
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u
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u
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u
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u
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u
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u
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u
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   (4.17)1,2  
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k

m

X
u  2    

j

m

k

m

j

m

k

m

x
u

x
u

X
u

X
u ,  
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j
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j

k xxxX
X

xX
uX

xX
x

X
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j

k

k

j

j

k

k

j
kjkj x

u
x
u

X
u

X
u

eE
2
1

2
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  (4.18) 

, Green  Ekj  Euler  

ekj  
Green Euler 
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  4.3 x1  du1 

 (du1  dX1)  

1

1
11

111
1

2
111

2
1

111

2
111

22

2
22

22

x
ue

dxe
dx
dxe

dSds
dxedudSds

dxedxdxedSds jkkj

    (4.19)1,2,3  

E11 = e11 =  u1/ X1 1

(4.2)  Ex =  u/ X 

 

4.2   

  4.4 

 

 
2112

2

1

1

2
1212 2

x
u

x
ue    (4.20) 

2 : 2e12  x1-O-x2 

 
 

 
4.3  

dX1
x1

x2

u1 u1+du1

dx2=dx3=0

ds=dx1=dX1+du1
dS = dX1

 

4.4  

x1

x2

2121
2

1 tan
x
u

1212
1

2 tan
x
u

O

81



 

 

4.7  dilatation  

e 
 

e= e11+e22+e33 = ekk (k=1,2,3: )   (4.21) 

 e i j=0 (i j)  1 

V , (4.22)   

V = (1+e11)(1+e22)(1+e33)     (4.22) 

, V=V 1  e= e11+e22+e33 
. 

 

4.8  ( ) 

4.2 , u+du , X+dX  u 

. 
 u(X+dX) = u(X) +du     (4.23) 

du , dX , 

 

 
j

j

k
kkk dX

X
uududu

ddd

XXX

X
X
uXuXXuu

   (4.24)1,2 

(4.8)  F , 
(4.24) jk Xu // XuL  (2 )

,  
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k
j
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jkjk dX

X
u

X
udX

X
u

X
udXLdu

2
1

2
1  (4.25) 

XWEXLu

XE

XW
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ddXedX
X
u

X
u

ddXwdX
X
u

X
u

jkjj
k

j

j

k

jkjj
k

j

j

k

,
2
1

,
2
1

      (4.26)1,2 ,3  

(4.25),(4.26) kj Xu /  +/  

,  du (4.24)2 

(4.25) 1 ekj , (4.18)

, 1 ekj k,j (symmetric part) 

, 2  wk j 

, k,j 

(antisymmetric part)  

 

XW d (4.27) . 

, (4.28) (nabla)

(4.29): u , (4.30) 

 

3

2
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u
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u

X
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u
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u
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k
k X

e       (4.28) 

83



 

 

2

1

1

2
3

1

3

3

1
2

3

2

2

3
1 X

u
X
u

X
u

X
u

X
u

X
u

X
u

X
uu

X ii
j

k
ijki

j

k
kjkk

j
j

eee

eeeeeeu

  (4.29) 
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dX
dX
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dXdXdXdXdXdX

dXdXd ikjijkkkjj
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eeeXu

(4.30) 

(4.30) , (4.27) u  

( ) , 

XXW dd
2

 

, 2/  

(1)  P X   x(X) 
 xk  X j  

 

 33122211 ,2,
2
3 XxXXxXXx

 
 (E.4.1) 

 F 
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j

k
kj X
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 (2)  xk X j   

 3322
2

11 ,,
3

XxXxXXx    (E.4.2) 

 F , 1
 

 
(3) ( ) P (x1, x2)  (u1, u2) 

 eij (i,j=1,2: ) (u1, u2) 

 (u1, u2) 2  
 
(4) u u i) (i=1,2,3) 

(a)  3211321 5,2,3,, axaxaxaxuuu    (E.4.3) 

(b)  21
2

2
2

2
2

1321 cossin,,,, 333 xxexexxeuuu xxx   (E.4.4) 

(5) , (E.4.5) 
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5.

5.1

  4.3 (
)

,  ( ) 
 

2
 

(a) (elasticity): 

 (Hooke's 

law) . 

 

(b) (plasticity): 

( )  

5.2 
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,  

, , 

, , 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.1(a) 5.1(b) , 

 

 

, (

) 2  

(i) ( ) 

(ii) .

.  

, 
. 

 

 (normal stress):  

A
F   ( ) 

 (normal strain):  

0L
ue  ( ),  

L

L
dLu

0

 

 e 

L0  e=u/L0 

  
(a)            (b)  

5.1  

u

F
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(nominal strain, engineering strain) 

 L  dL/L 

(logarithmic 

strain) ,  

N

L

L

L

LN

L
L

L
dL

L
L

L
dLe

1lnln

1)(

0

00

0

0

   (5.1),(5.2) 

(5.1), (5.2) ,  e  

 

 

5.2 , 

 
: E, ( ) 

( ): E 

( ): Y 

0.2% : 0.2 ( Y ) 

 
5.2  

e

B

0.2%

H’

E

Y

89



 

 

 

 

 

, , 

, , 

, , 

,  

 

 

, 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

: H’ ( ) 

( ):  B 

( ): eB 

( )  

 ( )

 
 (engineering strain, nominal strain) Green 

 (logarithmic strain) 
Euler  

5.3 

  ( )1

 
                                                  
1 (dislocation) , (lattice defacts) .  

 

5.3  
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45°

 

  , 
 

( )
5.4 5.5  

5.4

1 (   
5.5

 
5.4  

 
5.5  

b : =
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5.6

 
( )

 5.7 , , 
5.8 , 

 

5.6  

 

5.7  

92



 

(work hardening)   

 

5.4   

-  ( )  

 

  

  

  (5.3)

 

 n  Ludwik [1909]:    =C  n  (0 n<1) (5.4) 

n: , :   = n 

 

)('

)(

0
0

0

E
H

E
E

Y
Y

Y

 
5.8  

( )
( )
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 n :            = 0 + K  n   (5.5) 

 n  Swift[1952]:  =C ( 0+  )n   (5.6) 

  Voce [1948]:       = C(1 m -ne )  (5.7) 

C(1-m)= Y0 ,   

 Ramberg and Osgood[1946]:    = (  /E) {1+ (  /B)n} (5.8) 

/   

Chakrabarty [1987]:    (  Ludwik )   

   (5.9) 

 

)/(
)/(

)/( 0

0
1

0 E
E

EE
E

Y

Y
n

Y

 

 

 

5.9   (a)~(e) 

n=0

n=1

n 

n

E

H’

Y0

:H’=0, 0<E<+
:H’ >0 0<E<+

E Y0

E

n (Ludwik,
Ramberg Osgood)

Y0

(Ludwik, Swift )
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5.9 

 



5.9 

 

5.9 

 

 

 Hart[1967]:      (5.10)  

 Backofen[1964]:      (5.11) 

  (Newton ):     (5.12) 

( ) . 

dt
d

 
   m 

 

5.6   

(1) ( ) 
e Hooke's law 

5.10(a)  
 

 
u
L

A
F

e
E  (  0

0

LLdLu
L

L
)  (5.13) 

( Young's modulus) . 
 

 
(compliance with stretch)…  J= E 1  

. 

 

5.5  

(1) ( ) 

  5.10(a) , 

   e  Hooke’s law 

 E (Young’s modulus) .  

,  

 
5.10  

L 0

L

A 0
=

1
b 0

F

u

(a)

Au F

h

A=
1

b (b)

F
K
C

m

mn

95



 

 

 
L

L

LLdLu
u
L

A
F

e
E

0

0    (5.13) 

(2) ( ) 

5.10(b)  F 

 

(shear)    2et 

 Hooke's law  

 A
F

A
F

u
h

A
F

e
G

t tan
1

2     
(5.14) 

(rigidity), (shear modulus) 

,  x2 ,  x1

 

= 21, e t= e21=
h

u
x
u

22
1

2

1
     (5.15)1,2 

(3)  

5.10(a) ,  e 

 ec  

 
e
ec       (5.16) 

(Poisson's ratio) ,  m 

= 1/   

(1) 5.3 2

 1 , 2

 1 =45

5.3

96

5.3



5.3

 

 

 
( ) 2 (E.5.1) =45°

,  

cossin
sincos

00
0

cossin
sincos 1

2221

1211   (E.5.1) 

 

(2)  

(3) 5.10(b) e12 (5.15)2 

 

(4)   5.10(a)  b, b0, F, L, L0 

 L>L0, b<b0   

(5) 5.10(a) ,  F 

 E (E.5.2)

 

  
22

22 Ee
EE        (E.5.2) 

( )  U = AL E = 
L

L
FdL

0

 

 
5.3  

O

A

B

x1
x2
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 0
0

LLdLu
L

L
 du= dL  

 
(6)  O-x1x2x3 P (x1  , x2 ,0) 

 

 
000
00
00

Q
P

kj       (E.5.3) 

O-x1x2x3 x3

   O-x'1x'2 x'3 

 [ ' kj]  
( ) cos( )= c, sin( )= s 3 3.2 

(3.24)
, ' kj= ' jk  

 

100
0
0

000
00
00

100
0
0

'''
'''
'''

333231

232221

131211

cs
sc

Q
P

cs
sc

  (E.5.4) 

 

(7) ( ) ( ) 

3  

(8) 
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6. 

(Constitutive equation) 

 

5

6 , 

3

1

 

 

6.2

, 

( ) (

) ij  

ijij p ij   (6.1) 

 

 

p
p

p

ij

00
00
00

  p  

6.2.1  (ideal gas) 

  p, T,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

, 
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, , 

,  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 p RT   ( )  (6.2) 

   =1/v: (v: ) T : R :  

6.2.2  (Incompressible fluid) 

  

 p T

 

  = constant  (     (6.3) 

 

6.3  Newton  

  (6.4)
 

klijklijij VDp     (6.4) 

 

 ij : Vkl
1
2

uk

xl

ul

xk

  

 Dijkl uk :  

Newton , Dijkl , 

 3  4 34= 81

2  

jkiljlikklijijklD
 

   (6.5) 
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ijkkijij

kljkiljlikklijij

klijklijij

VVp
Vp

VDp

2

  (6.6) 

, (6.7)  

kkkk Vp 233     (6.7) 

 (Contraction) ,  

6.4 Stokes

Stokes Vkk  

 
 
3 2 0

2
3

    (6.8) 

(6.9)  

 ijkkijijij VVp
3
22    (6.9) 

Stokes
3
kk p  

6.2.2  

 Vkk=0 ijijij Vp 2     (6.10) 

 0 , , (6.1) 
 

6.5  

, 

 

ijijkkij ee 2  

eij Lame , 
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2 , 

,  

 

 

 

 

 

 

, , 

, , 

, , 

, , 

 

,  

,  

 

 

 

 

 

(6.2) , 

  

f (p, , T) = 0     (6.11) 

2

(6.2) van der 

Waals (6.12)  

, V 2 1  

  
p

V 2 V RT     (6.12) 

(6.3) 

 , 

( ) , 

 

, 

( )

2 .  

Newton  

. 

Newton  

. 

6.6  Hooke Hookean elastic solid)  

  3 , 

 

                                                 
1  , Y.C.Fung: A first course in continuum mechanics, third edition (1994),  page 
182 (Prentice Hall) .  
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 klijklij eC      (6.13) 

ij: , ekl: , Cijkl

(4 ) ,  34=81 . 

(4.18) ,  

jiij Cijkl C jikl     (6.14) 

ekl elk Cijkl C jikl Cijlk   

, , 6

Cijkl ,  62=36  

  Isotropic elastic materials)

 

6.6.1  

2 .  

 Cijkl ij kl ik jl il jk ik jl il jk  (6.15) 

ik jl il jk =0  

 Cijkl ij kl ik jl il jk    (6.16) 

 

 

ijkkij

jiijkkij

kljkiljlikklij

klijklij

ee
eee

e
eC

2

   (6.17) 

(6.17) , x1, x2, x3  ( x,y,z ) 
( G ), (6.18), (6.19) 
 

                                                 
2   Lame .  
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31313333221133

23232233221122

12121133221111

2,2
2,2

2,2

eeeee
eeeee

eeeee
  (6.18)1~6 

zxzxzzzzyyxxzz

yzyzyyzzyyxxyy

xyxyxxzzyyxxxx

eeeee
eeeee
eeeee

2,2

2,2
2,2

  (6.19)1~6 

i = j  

 kkiikkii eee 2323    (6.20) 

 ii= 11+ 22+ 33, eii=e11+ e 22+ e 33, ekk= e 11+ e 22+ e 33  

23
kk

kke (6.18) eij  

kkijijije
2322

1
   (6.21) 

Lame E
E

1 1 2
E 2 1  

3  
3 2 1  

 

 

ijkkij

kkijijij

EE

e

1
12

1

    (6.22) 

 

6.6.2  K 

                                                 
3   (10) .  
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dx1, dx2, dx3 

 
 dx1(1+e11), dx2(1+e22), dx3(1+e33)  

 V  

V= dx1(1+e11) dx2(1+e22) dx3(1+e33) - dx1 dx2 dx3 

   = dx1dx2dx3(1+e11+ e22+ e33+ e11 e22+ e22 e33+ e11 e33 +e11 e22 e33) - dx1dx2 dx3 

 dx1dx2dx3(e11+ e22+ e33) ….. ( ) 

  ,    

V/V = (e11+ e22+ e33) = ekk    (6.23) 

(6.21) ,  

pkk 3332211     (6.24) 

i=j)  

23
3

23
23

2
1

23
3233

2
1

23
313

2
1

3
23

33
2
1

2322
1

pp

pp

ppe kkiiiiii

 

(6.25) 

ii 11 22 33 3 , (6.26)

 

p
ekk

2
3

K     (6.26) 

 

6.1   

ekk  

e e=e11+e22+e33
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V0 dx1dx2dx3

V 1 e11 dx1 1 e22 dx2 1 e33 dx3

, (6.27) .  

 332211113333222211332211

332211113333222211332211

321

321332211

321

321333222111

0

0

11

1111

111

eeeeeeeeeeee
eeeeeeeeeeee

dxdxdx
dxdxdxeee

dxdxdx
dxdxdxdxedxedxe

V
VVe

 

(6.27) 

, 2

, 1  

 ekk = e11+e22+e33 

 

6.6.3  

  S

x3 33 (6.18)

, 03231122211  

313333221133

2322332211

1211332211

20,2
20,20
20,20

eeeee
eeeee
eeeee

 

 2 e11 e22 2 e33 0  ,  

e11 e22 e33     (6.28) 

3  33=…  
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33

333333

23

221

e

ee
 

 

3333 23
e     (6.29) 

(6.28) 11332211 20 eeee  

e33 1 2 e11 0 e33 2e11
e11

e33 2
 (6.30)1 

(6.28) 22332211 20 eeee ,  

 

e22

e33 2
     (6.30)2 

, ,  

e11

e33

e22

e33 2
      (6.31) 

( ) E 33  e33 

, (6.29) (6.32) .  

23

33

33

e
E

 
    (6.32) 

, E,  Lame   

.  

6.6.4  

  2
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 12  0 

.  

0, 312333221112    (6.33) 

(6.18)  

3133332211

2322332211

1211332211

20,20
20,20
2,20

eeeee
eeeee
eeeee

 

  

e12 2 2e12

    (6.34) 

G G  (Modulus of Rigidity) 

 

6.6.5  

  Hooke Duhamel-Neumann
Cijkl  ekl

T0 , T
(6.35)  

0TTeC ijklijklij     (6.35) 

 

ijijijkkij TTee 02    (6.36) 

, ,   

= (3 +2 )  = 
21

E
    (6.37) 

.  

6.7  
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, 
(linear spring)

(dashpot) , 2  ( : 
Maxwell model, Voigt model) 3 ,  4 , 

 

6.7.1  Maxwell  

6.1 Maxwell .  

s   d  

, ,  

= s + d       (6.38) 

. ,  

s E s      (6.39) 

d
d d

dt
    (6.40) 

 E ,  

t  s d (6.38) 

, (6.41) .  

 
d
dt

d s

dt
d d

dt
     (6.41) 

(6.39)
d s

dt
1
E

d s

dt
(6.40)

d d

dt
d (6.41)

(6.42) .  

 

6.1 Maxwell model (2 ) 
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d
dt

1
E

d s

dt
d      (6.42) 

s d ( ).   

 
E

d
dt

d
dt

     (6.43) 

 E  
   (6.44) 

6.7.2  Voigt  

, 6.2 

 

Voigt

 

: S 

: d 

2  

: = S + d     (6.45) 

, (6.39), (6.40) 2

= S = d  

E d
dt

     (6.46) 

Maxwell Voigt

3  (Maxwell ) 

 (6.47)  

 
dt
dE

dt
d

dRe     (6.47) 

 

6.2 Voigt model (2 ) 

110



 

 

e, d 2 , ER  

6.7.3 Maxwell  

(t) u(t)  (t)

(creep function) c(t)

. Creep , 

 

, Maxwell (6.42)
4  

 ssss

sssss

1     (6.48) 

(t)=u(t) 1/s , (6.48) 
s ,  

sEssss
ss 11111111

222   (6.49)

 
 tctu

E
tt 11

  (t>0)  (6.50) 

 (creep) c(t)= (t/ +1/E)u(t)  

6.7.4 Maxwell  

Maxwell (t)=u(t) (t)

(relaxation function) k(t)  

(6.48) (s) 1/s

(s)  

                                                 
4  t f(t) Laplace  f (s)  s 

, 
0

)()( dtetfsf st  

111



 

 

11
1

1
1

11 s
E

ssss
ss

s
ss  (6.51) 

/tEet    (t>0)   (6.52) 

( )  k t Ee
t

  

(1)  Voigt  c(t),  k(t) 

.  (t) u(t) , 

 

)()()(

)(11)( /

tEuttk

tue
E

tc t

    (E.6.1)1,2 

(2)  

(3)  Newton  

(4)  Newton  

(5)  

(6) ( )  

(7) zz=0( ) (O-xy) 

 

(8) Maxwell Voigt . 

( )E

 

(9) (6.17) ,  

ijjiijkljkiljlik eeee 2     (E.6.2) 

(10) (6.31), (6.32) , .  

)1(2
E , 

)1)(21(
E     (E.6.3)1,2 
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7.  

7.1   

1.10

7.1.1  

(a)

 

 

,  

,  
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(b) 

7.1.2   

NEWTON
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1.  ( ). 

2.  

= ×  ( ) 
3. (

).  

7.1.3  ( )  

N  j  p j , (7.1) .  

 mj : j , v j : j ( ) .  

 v j , 

.  

 p j mj  v j     (7.1) 

 p  (7.2) . 

 
N

j
j

N

j
j m

11
vpp     (7.2) 

N ( ) 

 

, 

,  ( 3 ) 

 

N

 3 ,  v3 , v3 

, d p = m3 v 3 

, 3
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,  d p  

 

  1  
  , 

7.1.4   

3  ( ) , 

1 1.11  I  F I ,  F I t 

.   F IJ  p IJ=F IJ t

 t ,  I J .  

, .  

1.11 , F IJ   p IJ=F IJ t 

 

0
1

tIJ

N

I

N

J
I Fr      (7.3) 

    

 (torque) 

 (moment of inertia) 

 ( )  
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7.1   

V

S

T

    

, 

 

7.2   

7.1  V,  S  Ss 

T  F  V , 

 Sh  h 

 dV , 

  ,  dV  

 V  S 

3

:  

K

G

E

V 

V
jj dVvvK

2
1

(j: ) (7.4) 
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vj dV 

V 

G x dV
V

 (7.5)

x
x gz

V 

E dV
V

 (7.6)

 V (7.4),(7.5),(7.6) K+G+E 

K+G+E 

(7.7)

 Q, W (.) 

 D(  )/Dt 4.2

 

WQEGK
Dt
D

 (7.7)

Q
W

(7.7)

,  2  vjvj 

( )

( ) 2

 dV 
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,  V  dV 

(7.7) ,  dV  

 V (7.7)  

Gauss

 

7.3 Gauss  

7.3.1   

Gauss

( )  

    (7.8) 

Gauss

, 

.  

 y= y(xk)  y/ xk  

 y= y(x)  y(xk)    (k=1,2,3)    (7.9) 

y x=(x1, x2, x3)  

y/ xk L

  dy= ( y/ xk)dxk  

 
LL

dx
x
ydx

x
ydx

x
ydyyy 3

3
2

2
1

1
12 x      (7.10) 

 (nabla)

y = ek ( y/ xk )  

y 
,  (7.11) 
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y = f(x)       (7.11) 

 dy/dx = f ' (x) 

2

1

)('12

x

x

dxxfyy (7.12)

1

 y ( ) y  x   [ x1 , 

x2]  y  x1, x2 

,  y2 y1 

,  

    (7.10) y(x) ,   F= y  

,  (  y2 y1

)  

7.3.2   

    , 

 Gauss 

 

     A(xk)  (k=1,2,3)   F= A/ xk  ,   

dA  

 3
3

2
2

1
1

dx
x
Adx

x
Adx

x
Adx

x
AdA k

k

  (7.13) 

,  x2, x3 x1 dA1 , L:  [a,b] 

, (7.14) .  

 
b

a
ab

A

A
dx

x
AAAdAb

a
1

1
111

1

1

    (7.14) 
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7.2  V , L 

 dx2dx3 

(7.14) dx2dx3  

 321
1

3211 dxdxdx
x
AdxdxAA

b

a
ab    (7.15) 

x2x3  V   

 

V

b

aV
ab dxdxdx

x
AdxdxAA 321

1
3211   (7.16) 

 L   V  

,  ( A/ x1) dx1dx2dx3  V 

 L  (x1=a, b) 

 A  dx2dx3 V

 A 1b A1a  1  L 

 x 1 x1 

 
7.2   V  L  a,b  

x1

x2

x3
x1=x1

dx2dx3

x1=bx1=a

L

V 
x2x3

(
) V

b
dSb

a
dSa

nb

na

P(x1,x2,x3)

: V
: S

e1
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A  L ,  1 

 (7.16) (7.17) 

 

VV
ab dxdxdx

x
AdxdxAA 321

1
32    (7.17) 

7.2 ,  L  a, b 

,  dSa, dSb  n a, n b 

,  ( )  a,b , 

d S  e 1 

 a,b  n1= dx2dx3/dS ,  

              d S e 1 = dx2dx3 = n e 1dS = n1 dS   (7.18) 

 a,b  n  x 1 
1 x1=b  n1>0 x1=a  n1<0 

 a,b (7.17)  

(Ab Aa) dx2dx3 = Abn1b dSb + Aan1a dSa     (7.19) 

a,b V  :

(7.17)   V  S  d S  

,  A d S e 1 =An1 dS  S 

(7.17)  (7.20)  

VS

dxdxdx
x
AdSAn 321

1
1     (7.20) 

 V  A  

 

                                                 
1  ,  e1 n n1 , n1  

.   V  S  
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 (7.20) , x1 

 V  S .   

,  k=1 k=2,3 

(7.20) ,  , k=1,2,3 (7.21) 

 dV= dx1dx2dx3  

V kS
k dV

x
AdSAn  (k=1,2,3)   (7.20) 

 

V
k

S k dV
x
AdSAn  (k=1,2,3)   (7.21) 

(7.20), (7.21)  Gauss 2 .   Gauss  

A F F = A/ xk  , 

 

J =
V

FdV       (7.22) 

 J  

, (7.4)~(7.6)  

7.3.3 Gauss  

(a)  A (uj)  

 A ,  u= (uj) , 

(7.21)  A= uj  (j=1,2,3) .  

V
k

j

S kj dV
x
u

dSnu     (7.23) 

 j=k , (7.24) ,  Gauss 

                                                 
2 Green , Stokes , Gauss 

 (7.21)  
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.  

dV
x
u

x
u

x
udS

dV
x
udSnu

VS

V
k

k
S kk

3

3

2

2

1

1nu
   (7.24) 

(7.24)  V  S 

S  V 

, 

 0 

uk/ xk (= div u) .   V 

div u  >0 

 

(b)  A     

     A=  ,  ek (7.25) . 

V
k

kS kk dV
x

dSn ee    (7.25) 

(gradient) , grad   (= )

 (7.10) 3

 

(c) A (uj) ( ) 

(7.23) ,  j, k ,  ei ijk uk/ xj 

(2.20) ei ijk uk/ xj = u (= rot u) rot u

,  u  

VSS

V
j

k
ijkiS jkiijk

dVdSdS

dV
x
udSnu

unuun

ee
   (7.26)

124



 

(7.26) 

 rot u 

 ( ) 

 

u , 2 = rot u 

.  

,  

 

(d)  A 2 Cij  

V
k

ij

S kij dV
x
C

dSnC     (7.27)

i=k 

7.4   

O-X1X2X3

t=t0 P

X1=a1, X2=a2. X3=a3

(a1,a2,a3)

P

(7.28)  P’

xi xi a1,a2,a3,t i 1,2,3  (7.28)

 
7.3   

X3, x3

X2, x2

X1, x1

t=0 

t=t

P(a1, a2, a3)

P’(x1, x2, x3)

D

D’

xk=xk (a1, a2, a3, t),   
k=1,2,3

Xk=ak
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(7.28) D (a1,a2,a3) D' (x1,x2,x3) 

1 1 .  D

D' 

xi (a1,a2,a3,t) 1 .   , 

,  dt=t t0  ,  1

 (

) ,  D

(Jacobian determinant) (7.29) 0

3

3

2

3

1

3

3

2

2

2

1

2

3

1

2

1

1

1

a
x

a
x

a
x

a
x

a
x

a
x

a
x

a
x

a
x

a
x

(7.29)

(7.28) (material description)  Lagrange 

a1,a2,a3 vi

i (7.30), (7.31) . 

vi a1,a2 ,a3,t
xi

t a1 ,a2 a3

(7.30) 

 i a1,a2 ,a3,t
vi

t a1 ,a2a3

2xi

t 2
a1 ,a2 a3

  (7.31) 

x=(x1,x2,x3) t (spatial 

description) [Euler ] 

t x 

vi (x1,x2,x3,t) 

(7.32) .  

 t
x
vvt

t
vt

dt
dvt

k

i
k

ii
i ,,,, xxxx   (7.32) 
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t x=(xi) t+dt xi+vidt

. x=(xk) , vk  dxk=vkdt 

Taylor , t+dt  ( )

, .   

txvdtv
x

txvdt
t

txvtxv

txvdttdtvxvdt
dt

tdvtdv

kik
k

kiki
ki

kikki
i

i

,,,,

,,,, xx
 (7.33) 

(7.33) (7.32) .  (7.32)

( ) ( )

.  
(7.32)

f(x1,x2,x3,t) 

t f(x,t) 

(Material derivative) ,  Df/Dt (7.32)  

(7.33)  d(  )/dt , D(  )/Dt  

 f(x,t)  (7.34) 

Df x1, x2 , x3, t
Dt

f
t x fixed

f
x1

x1

t
f
x2

x2

t
f
x3

x3

t

f
t x fixed

f
x1

v1
f
x2

v2
f
x3

v3

f
t x fixed

f
xk

vk (7.34)

 

, 

.   ,

 

(7.28)  xk ,  t : vk = 

dxk/dt = dak/dt ,  t0  ak 
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Euler  f ,  xk  t 

,  f   xk  t .  f  f  , 

.  

f = ( f/ t) t + ( f/ xk) xk    (7.35) 

xk  xk  xk+ xk 

 t xk/ t , 

 f/ t  ( t +0)  

 f/ t ,  xk/ t  xk 

 vk .  

 f = ( f/ t) t + ( f/ xk) vk t     (7.36) 

t,  xk  t  t+ t ,  vk t 

 xk/ t = vk 

, t ,  

xk+vk t  t  t  

, Euler 

, 

 xk/ t = vk  Lagrange  

     Euler , xk/ t = vk 

 f/ t , 

.  , 

.   Lagrange  (

)  D(  )/Dt 

.  

Df/Dt = ( f/ t) + vk ( f/ xk)     (7.37)1 

Df/Dt = ( f/ t) +v f     (7.37)2 

    ? , 

, 
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     dV ,  A 

 V  :  

V
AdVtJ )(  

, , . 

 ( ) , 

, 

 

, (FEM)  

(FDM)  

 7.5

 A J(t) 

J(t) 

V V

dVtAdxdxdxtxxxAtJ ),(),,,()( 321321 x (7.38)

  ),,,( 321 txxxA xk , t (k=1,2,3)

t dt t+dt J(t) 

  t  ,   V  ,  t+dt   V+ V 

dt

(7.39)  

 VV V
dt

dVtAdVdttA
dt
d

Dt
DJ ),(),(lim

0
xx   (7.39) 

 V 7.4 

V V (7.40) (7.40)

V  A 

(7.40) 7.4  

V .   
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VV V
dt

V V V
dt

dVdttA
dt
ddVtAdVdttA

dt
d

dVtAdVdttAdVdttA
dt
d

Dt
DJ

),(),(),(lim

),(),(),(lim

0

0

xxx

xxx

   

(7.40)

(7.40)

dV=vjnjdSdt  (i=1,2,3)     (7.41) 

.  dxi=vj dt  dS 

nj dS  vj

. (7.40) (7.42)

 

V S
jj

V V
jjdt

dSnvtAdV
t
A

dSdtnvtA
dt
ddV

t
A

Dt
DJ

),(

),(lim
0

x

x
(7.42)1,2

 

S
jj

S
jj dSdtnvdSdxnV  

7.4  vj V  
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(7.42) Leibniz

(7.42) .  Avj  Gauss 

(7.43)

D
Dt

AdV
V

A
t

dV
V xi

V
Avi dV (7.43)

(7.44), (7.45) 

V j

j
j

jV

dV
x
v

Av
x
A

t
AAdV

Dt
D

Dt
DJ

(7.44) 

VV j

j

V

dVA
Dt
DAdV

x
v

A
Dt
DAAdV

Dt
D vdiv

 
(7.45) 

(7.45) A J

 v 

7.6 , Leibniz  

Gauss , 7.3.1

Leibniz , 

.  (7.42) (3 )

1

 

t
attaF

t
bttbFdx

t
F

dxtxF
xt

xdx
t
FdxtxF

t
tb

ta

tb

ta

tb

ta

tb

ta

)),(()),((

),(),(

)(

)(

)(

)(

)(

)(

)(

)(

(7.46)

 

                                                 
3  http://en.wikipedia.org/wiki/Leibniz_integral_rule . 
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(7.46) x  t  F(x,t)  x=[a,b] 

 t Leibniz .   a, b 

 t  (7.46) (7.42)

F
S

jdSAn  (7.47)

 a, b 

 F vj V (7.47)
 V 7.4

dt  +0 

, (7.46) (7.42) , 

.   

(7.46)   

,  x = [a(t),b(t)] ,  t  

.  

t
FF

t
x

t
FF

xt
x

t
FF

t
F

t

    (7.48)

(7.48) Leibniz  (

)  (7.42) 

(7.42)

,  

7.7   
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7.7.1   

 t  V  m ,    V 

(7.49) .  

m dV
V

(7.49)

x,t t x 

m 0

Dm
Dt

0  (7.50)

(7.42)  

t
dV

V
vinidS

S
0 (7.51) 

(7.43) .  

 0dV
x
v

tV i

i     (7.52) 

 V  0 

.  

0
i

i

x
v

t
     (7.53) 

(7.51) (7.53) ,    (equations of continuity) 
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7.7.2   

 Newton

Pi Fi (7.54)

DPi

Dt
Fi (i=1,2,3) (7.54)

, dVvP
V

ii     (7.55) 

 , 
V

i
S

ii dVXdSTF     (7.56)

vi  Xi

Ti dS

nj , ji Cauchy

jjii nT (j=1,2,3: , i=1,2,3: ) (7.57)

(7.54) (7.55),(7.56)

V
i

S
i

V
i dVXdSTdVv

Dt
D

i=1,2,3) (7.58)

vi (7.45) . 

(7.57) (7.27) 

dVX
x

dVvv
xt

v

V
i

j

ji

V
ji

j

i (7.59)

(7.60) (7.60)

0 0
                                                 
4  (3.17) 3 .  
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(7.61) (j=1,2,3: , i=1,2,3: ) .

0dVX
x

vv
xt

v

V
i

j

ji
ji

j

i (7.60)

i
j

ji
ji

j

i X
x

vv
xt

v
(7.61)

(7.61)

i
j

ji

j

i
j

i

j

j
i X

xx
vv

t
v

x
v

t
v (7.62) 

(7.62) ,   (7.53) 0 .  ,  

Euler  (Eulerian equation of motion)  (7.63) .  

 i
j

jii

j

i
j

i X
xDt

Dv
x
vv

t
v

   (7.63)  

O-x1,x2,x3 (7.64)

3
3

33

2

23

1

133

2
3

32

2

22

1

122

1
3

31

2

21

1

111

X
xxxDt

Dv

X
xxxDt

Dv

X
xxxDt

Dv

(7.64)

(7.64) 0 . (7.59)~(7.64) 
, : ij= ji   i, j 

 
(7.64)

. 

7.8   
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7.2  (7.7) , 

7.1 h=(hi) 

ni  dS nihidS

(7.65)

V i

i

S
ii dV

x
hdSnhQ (7.65)

7.1 , 

 vi , (7.66) . 

dVv
x

dVvF

dSvndVvFdSvTdVvFW

V
iji

jV
ii

S
ijji

V
ii

S
ii

V
ii

(7.66)

Fi ( ),  iT  ni 

 dS ,   (.) 
(7.4)~(7.6) (7.66) (7.7) , 

dVv
x

dVvFdV
x
hdVdVdVvv

Dt
D

V
iji

jV
ii

V i

i

V VV
ii2

1

(7.67)  

dVv
x

vF
x
hdVvv

Dt
D

V
iji

j
ii

i

i

V
ii2

1

 
(7.67)
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K, G, E 

dV
Dt

D
x
v

Dt
D

dV
x
v

Dt
D

Dt
D

Dt
DE

dV
Dt
D

x
v

Dt
D

dV
x
v

Dt
D

Dt
D

Dt
DG

dV
Dt

vvDvv
x
v

Dt
D

dV
x
vvv

Dt
vvDvv

Dt
D

Dt
DK

V k

k

V k

k

V k

k

V k

k

V

ii
ii

k

k

V k

k
ii

ii
ii

2
1

2
1

2
1

2
1

2
1

(7.53) ,  0 (7.67)

dVv
x

vF
x
hdV

Dt
D

Dt
Dvv

Dt
D

V
iji

j
ii

i

i

V
ii2

1

   
(7.68)

j

i
ji

j

ji
iii

i

i
ii x

v
x

vvF
x
h

Dt
D

Dt
Dvv

Dt
D

2
1

      (7.69) 

(7.63)

j

i
jiii

i
i

i

i
ii x

vFX
Dt
Dvv

x
h

Dt
D

Dt
Dvv

Dt
D

2
1

   
(7.70)

Xi

(7.71) (7.72) .  
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i
ii x

FX  (7.71)

j

i
jii

i

i

i
ii x

vv
Dt
Dv

x
h

Dt
D

t
vv

Dt
D

2
1

  (7.72) 

1
2

Dvi
2

Dt
Dvi

Dt
vi t

0

j

i
ji

i

i

x
v

x
h

Dt
D

 (7.73)

ji i,j , 

Vij , (7.75) 

i

j

j

i
jiij x

v
x
vVV

2
1

    
(7.74)

jiji
i

i V
x
h

Dt
D

(7.75)

(7.75) , 

 

(7.7)

( )
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(1)  .  

(2)   ( ) 

.  

(3)   
V

dVtxAJ ),(
 

 
Dt
DJ

 
.  

 3.1  Leibniz , A t

V t .  

 3.2  Gauss , 

 DJ/Dt .  

(4)  , 3.1, 3.2 . 

(5)   F = (2x1)e1+(3x1x2 + x3x2
2) e3 , V S

 J  

  V :   P(0,0,0) Q(1,1,1)  1  

 S:   V 6  

        
SS

dxdxFdxdxFdxdxFdJ 213132321SF  (E.7.1) 

J .  

 (6)   (5) , Gauss  J .  

(7)   V  S . 

        
S

kk
S

dSnxdJ Sx     (E.7.2) 

x=(x1, x2, x3) nk dS

(8) (7.52)  

  0
k

k

x
v

Dt
D

     (E.7.3) 

(9) (7.63)  0 , 
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 Gauss  Cauchy , 

( ) 

(2

)  
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8.   

8.1   

, 

.  

. 

, uj

vj  (j=1,2,3)  

, .  

Euler Hooke . 

. 

.  

Almansi  (Euler ) , . , (4.17)2 

 

eij
1
2

u j

xi

ui
x j

uk
xi

uk
x j    

(8.1) 

2     

eij
1
2

u j

xi

ui
x j

    (8.2) 

.  vi ui , 

vi=
Dui t, x j

Dt
ui
t

x j

t
ui
x j

ui
t

v j
ui
x j

  (8.3) 

vj  ui/ xj , 2
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, (8.4) . 

vi
ui
t

     (8.4) 

i vi . ,  

i=
Dvi t, x j

Dt
vi
t

x j

t
vi
x j

vi
t

v j
vi
x j

  (8.5) 

vj  vi/ xj , 2

, (8.6) .  

 i
vi
t

     (8.6) 

Euler   

i
j

ij
i X

x
     (8.7) 

Hooke  

i

j

j

i
ij

k
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8.5   (Principle of Saint-Venant)  

 A 

 A’ A A’ 

,  

2

.  

   

.   

161



 

 

(a)  

 

(b)  

8.1  

A

A

p0

F=p0A
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(1)   Airy (x,y) xx, yy, xy  

1. = A y2 + B x2  

2.  = ex sin(y)  

3.  = x ex cos(y)

(2)  =Ay3+Cx3 Airy  

xx, yy, xy . 

    exx, eyy, exy . 

(3)   Airy 4

.  

(4)  (Saint-Venant)  
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2
1
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ax by,by cz,cz ax
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RR

x
A

R
xx

A
R

xx
Auuu 43,,,, 3

2
3

3
32

3
31

321  ,  (E.8.4) 

A , 2
3

2
2

2
1 xxxR      

: ,)3,2,1,:(, 2
1 kn

R
nx

x
RnRR

xR
x

x
R

n
k

k

nn

k

k

k

 

5
2

2
1

3
2

5
121

3
23

21

1

33 RxxRxRxxxRx
R
xx

x
 

(9)  Airy  ( 11, 22, 12)  (u1,u2) 
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9. 

9. 1 
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Newton Newton
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/ 3 Laplace
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(9.3) (9.4) 4

 

9. 2  
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1 ' nk
1
R1

1
R2

ni   (9.9) 

ij '  0 (9.7) 

 

9. 3    Reynolds

V L L V 

 (9.4) 

 

LVttVppVvuLxx iiii /',/',/',/' 2   (9.10) 
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ui '
xi '

0 (9.12)

(9.11) (9.12)

Reynolds

Reynolds

(9.11)

Reynolds

Reynolds

u2

u y V2

V/L

V 2

V L
VL

(9.13) 

Reynolds

 

(1) 10 2mm/sec

Reynolds m 1.4

(1.4 10 2 g / cm sec )  

(2) 

 Reynolds 50km/h 6m 

 Reynolds 20  1.808 10 4

g/cm sec)  = 0.150st (cm2/sec)  
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9. 4

Navier-Stokes Reynolds

Navier-Stokes

p
xi

2vi

xk xk

0 (9.14)

2h

9.2

x 0

v1=v(x2), v2=v3=0, v1(h)=0, v1(-h)=0

Navier-Stokes

p
x1

2v1

x2
2 0 (9.15)

p
x2

0 (9.16)

p
x3

0 (9.17) 
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(9.16) (9.17) p x1 (9.15) 

x1
2 p x1

2 0 p x1

(9.15) 

d2v1

dx2
2

1 dp
dx1

const (9.18)

x2

v1 A Bx2
x2

2

2
dp
dx1

(9.19)

A B A h2 2 dp dx1 , B 0

v1
1

2
dp
dx1

h2 x2
2 (9.20)
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sin
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y
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y r y
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r
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(E9.3)

vx vr cos v sin
vy vr sin v cos
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rr xx cos2
yy sin2
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xx sin2
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xy sin 2

r yy xx cos sin xy cos 2 (E9.5)
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(E9.15) Navier-Stokes

176



vr

t
vr

vr

r
v
r

vr v2

r
vz

vr

z
Xr

p
r

2vr
vr

r2

2
r2

v

v
t

vr
v
r

v
r

v vrv
r

vz
v
z

X
1
r

p 2v
2
r2

vr v
r2

vz

t
vr

vz

r
v
r

vz vz
vz

z
Xz

p
z

2vz

(E9.17) 

2
2

r2

1
r r

1
r2

2

2

2

z2 (E9.18)
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1
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vr
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2
p
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z z h (E9.24)
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3 U
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vx=v(z) Navier-Stokes

d 2v
dz2 g sin 0,

dp
dz

g cos 0 (E9.31)

zx= dv/dz=0 zz=-p=-p0 p0

z=0 v=0

p p0 g h z cos , v
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2

z 2h z (E9.32)

y

Q vdz
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h gh2 sin
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(E9.33) 

 

 

(3) Couette
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rad/sec

T

R1

R2

(4) Navier-Stokes

a b

9. 5  

9.4 Couette
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ij p ij (9.21)
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, v2 x1
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I C v dl
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viC
dxi (9.31)

C v dl
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S

curlv i ni dS
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(9.33)

C

D
Dt

vi dxiC

D
DtC

vidxi
Dvi

Dt
dxi vi

Ddxi

DtC
(9.34)

Ddxi Dt dxi dvi

(9.22) Dvi/Dt (9.34)

D
Dt

vi dxiC

1 p
xi

Xi dxi vidviC

dp
C

Xi dxiC

1
2

dv2

C

  (9.35) 

182



3 v2

0 2 0
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D
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Helmholtz
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9. 7
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 ax by cz Ax2 By2 Cz2 Dxy Eyz Fzx  
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z=0 vz z 0 x y z 0 x y 0
a = b = c = 0, C = - A - B, E = F = 0

 Dxy x y

 

 Ax2 By2 A B z2  
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